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Chapter 1

Introduction

This work is concerned with three things: the synchronic norms of theory choice, the
diachronic norms of theory change, and the justification of these norms by their reliability,
or truth-conduciveness.

Synchronic norms of theory choice restrict the theories one can choose in light of given,
empirical information. They are the traditional purview of the philosophy of science. But
how do they facilitate arrival at true theories? Are they better than other means toward
that end and, if so, in what sense? For example, it is widely agreed that scientific theory
choice proceeds in accordance with a bias toward simpler or more sharply testable theories.
However, the truth might not be simple, in which case that bias would probably lead to
error. So how can one argue that the characteristic scientific biases toward simplicity or
testability are truth-conducive, without begging the question with material assumptions?

Diachronic norms of theory change restrict how one should change one’s current beliefs
in light of new information. The crucial difference from synchronic norms is dependency
upon one’s prior beliefs. Such norms are studied propositionally in belief revision theory
and non-monotonic logic and quantitatively in Bayesian epistemology. The question of
truth-conduciveness arises for such norms, just as it does for norms of theory choice.
Furthermore, there is the additional question how diachronic norms relate to the more
traditional, synchronic ones.

If one insists upon an overly strict standard of truth-conduciveness in inductive con-
texts, the crucial question of truth-conduciveness becomes intractable. Theoretical virtues
are not guaranteed to indicate truth with a low chance of error, the way litmus paper in-
dicates pH—inductive inferences in accordance with the rationality principles are subject
to arbitrarily high chances of error, because the available information can probably be
arbitrarily similar, regardless of which conclusion is true.

Maturity is a matter of ceasing to demand the impossible. In that spirit, it makes
more sense to adjust the standards of truth-conduciveness to the intrinsic difficulty of
the inference problem one faces—a view we call feasibility-contextualism. Feasibility con-
textualism presupposes a spectrum of alternative concepts of truth-conduciveness. Just
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such a spectrum is routinely studied in the subject known as formal learning theory,
which studies concepts of truth-conduciveness ranging from the very strict standard of
truth-indicativeness to the very weak standard of mere convergence to the truth in the
limit. Neither extreme suffices for epistemic justification. The former is too strict to apply
without question-begging assumptions and the latter, notoriously, mandates no short-run
norms at all, since convergence in the limit is compatible with any inductive behavior
whatever in the short run. In between these extremes, however, are more nuanced con-
cepts of optimally direct convergence to the truth. We consider two such concepts in
this paper: convergence with minimal reversals of opinion and convergence with minimal
cycles of opinion. Since a strategy is conducive to a goal insofar as it leads as directly
as possible to the goal, we view directness of approach to the truth as constitutive of
truth-conduciveness and, hence, of epistemic justification, rather than as an auxiliary,
“pragmatic” consideration.

In this work, we show how the rationality principles of belief revision can be thought
of as truth-conducive norms of maximally direct convergence in the sense just described.
Furthermore, we prove that preferring simple, falsifiable theories (Ockham’s razor) is a
necessary condition for achieving optimally truth-conducive performance. The results
forge deep and, perhaps, surprising connections between synchronic rationality norms,
diachronic rationality norms, and the truth-conduciveness of both.

1.1 Reliability and the Norms of Theory Choice

It is commonplace to observe that science seeks true theories about the world. But that
banal observation raises a profound question about scientific method: how, and in what
sense, do such hallmark scientific values as simplicity, precision, scope, and novelty help
one find true theories? To demand an answer to that question is to demand an epistemic
Justification of scientific values (Hempel, 1983; Laudan, 1984; Douglas, 2000). One goal
of this work is to provide such a justification for Ockham’s razor, the pervasive scientific
bias in favor of simple theories.

An epistemic justification of Ockham’s razor is traditionally understood to be a demon-
stration that simpler theories are more likely to be true.! That narrow, synchronic concept
of justification makes a hopeless conundrum out of Ockham’s razor. It has led theorists
into metaphysical speculations less plausible than the scientific conclusions they are meant
to justify. Both Kepler and Dirac expressed the conviction that Nature loves mathemati-
cal elegance, and that physicists ought to adopt the same passion to more surely uncover
her secrets (Morrison, 2007; Dirac, 1939). It has led others to give up on epistemic jus-
tification entirely: “no one has shown that any of these rules is more likely to pick out

!Baker (2013) is representative: “justifying an epistemic principle requires answering an epistemic
question: why are parsimonious theories more likely to be true?” The demand is trivial if “likely” is
understood subjectively, so we understand it objectively, in the sense of a guaranteed low chance of error.
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true theories than false ones. It follows that none of these rules is epistemic in character”
(Laudan, 2004).

There is no shortage of non-epistemic justifications. Predictive accuracy, not truth, is
the target of frequentist justifications: a bias toward simple theories prevents over-fitting
and improves prediction when extrapolating from small samples (Akaike, 1974; Forster
and Sober, 1994; Vapnik, 1998). But while they may be more predictively accurate at
small sample sizes, simple theories are not more likely to be true in any objective sense
of likelihood. Akaike’s method does not even converge to the true theory in the limit
of infinite data. Some frequentists take that to be a design feature, rather than a flaw,
and warn against methods that both impose penalties on complexity and converge to the
truth (Leeb and Potscher, 2008). Bayesians, on the other hand, explicate Ockham’s razor
as the result of conditioning over a wide class of plausible, prior probabilities that impose
flattish distributions over theoretical parameters (Jeffreys, 1961; Bandyopadhayay et al.,
1996; Wasserman, 2000; Myrvold, 2003). But that does not begin to explain how such
prior probabilities lead one to true theories better than alternative biases would—unless
one begs the question by appealing to the prior probabilities themselves. The question of
epistemic justification, if not begged, is dodged.

The point can be sharpened with a bit of terminology. Say that a method is truth-
indicative if at every stage of inquiry the theory it selects is probably true. But truth-
indicative performance is impossible in inductive inference problems—insisting on achiev-
ing that impossible synchronic standard leads to inductive skepticism. More plausibly,
one can entertain a range of weaker concepts of diachronic truth-conduciveness, and un-
derstand epistemic justification as achievement of the strongest performance possible for
the problem one faces.? Weaker demands do not fall short of epistemic demands. They
are, rather, the appropriate epistemic demands, in light of the intrinsic difficulty of the
task at hand.

Over half a century ago, Carnap already sketched the idea in On Inductive Logic
(1945). He recognized, that for inductive methods, synchronic truth-indicativeness is too
high a standard: “the fact that the truth of the predictions reached by induction cannot
be guaranteed does not preclude a justification in a weaker sense”. On the other hand,
Reichenbach’s diachronic norm of limiting convergence is too low a standard:

Reichenbach is right in the assertion that any procedure which does not [con-
verge to the truth in the limit] is inferior to his rule of induction. However,

2In statistics, the distinction between truth-indicative and truth-conducive methods is closely tracked
by the distinction between uniformly and point-wise consistent methods. Both types of consistency entail
convergence to the truth in the limit, but for uniformly consistent methods, the probability and severity
of error can be quantified and bounded at each sample size. For point-wise convergent methods no such
guarantees can be given. Of course, we prefer uniformly convergent methods, but these do not always
exist. No statistician claims that using a point-wise convergent method is not epistemically justified when
there is no better alternative.
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his rule, which he calls “the” rule of induction, is far from being the only one
possessing the characteristic. The same holds for an infinite number of other
rules of induction. ... Therefore we need a more general and stronger method
for examining and comparing any two given rules of induction ... (1945, p. )

The relevant notions of truth-conduciveness have to lie somewhere between those two
extremes. If they are to be feasible, they must relax truth-indicativeness. If they are to
mandate interesting short-run methodological principles like Ockham’s razor, they must
demand more than mere limiting convergence. We propose that such notions can be
developed by adapting and refining existing concepts from formal learning theory.

1.2 Learning Theory and Truth-Conduciveness

Formal learning theory is a mathematical framework for studying inductive problems and
the methods that solve them (see Putnam (1965), Gold (1967), Osherson et al. (1986),
Kelly (1996)). As in computational complexity theory, inductive problems are classified
by their intrinsic difficulty. Inductive methods are justified so long as they solve a problem
as efficiently as problems of comparable complexity can be solved. From the perspective of
formal learning theory, it makes no more sense to demand truth-indicative performance in
inductive problems than it does to demand general polynomial time solutions to NP-hard
problems. The demands of epistemic justification are kept proportionate to epistemic
complexity.

The baseline notion of truth-conduciveness in formal learning theory is limiting conver-
gence: methods eventually settle on the truth as information accumulates, without ever
becoming certain that the future holds no surprises in store. As Carnap observed, limit-
ing convergence is compatible with any arbitrary behavior in the short-run. To narrow
the field of admissible methods, learning theorists have developed several refinements of
limiting convergence that fall short of short-run guarantees. One possible refinement is to
require methods to minimize the number of mind changes on the way to convergence (Put-
nam, 1965; Case and Smith, 1983; Sharma et al., 1997; Luo and Schulte, 2006; Kelly, 2004,
2007, 2011). Another refinement guards against “U-shaped learning,” wherein learners
conjecture a theory, reject it, and then return to it again (Carlucci et al., 2005; Carlucci
and Case, 2013). We propose that these convergence criteria—lying midway between
truth-indicativeness and mere limiting convergence—can answers Carnap’s challenge. If
scientists are in pursuit of truth, then virtuous inquiry ought to exhibit the virtues of
pursuit. If the target of pursuit is evasive, then a certain amount of swerving may be ex-
pected. But false starts and U-turns ought to be avoided if possible—wirtuous pursuit is
as direct as the problem situation allows. We show how optimal truth-conduciveness man-
dates a preference for simple theories. That solves the traditional puzzle of justification
for Ockham’s Razor, a hallmark virtue of theory choice.
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1.3 Belief Revision and Scientific Inquiry

Belief revision is an alternative, formal framework in which to analyze belief change driven
by new information. Reliability and truth-conduciveness are not central to the belief re-
vision framework. Géardenfors seems indifferent—if not hostile—to concerns about truth:

[T]he concepts of truth and falsity are irrelevant for the analysis of belief sys-
tems. These concepts deal with the relation between belief systems and the
external world, which I claim is not essential for an analysis of epistemic dy-
namics. ... My negligence of truth may strike traditional epistemologists
as heretical. However, one of my aims is to show that many epistemologi-
cal problems can be attacked without using the notions of truth and falsity
(Gérdenfors, 1988, p. 20).

Instead, belief revision theorists derive epistemic justification from conformity with
a set of idealized postulates that govern rational belief change. The postulates are usu-
ally motivated by considerations of preservation, or minimal change: the injunction to
(1) add only those new beliefs and (2) remove only those old beliefs, that are absolutely
compelled by incorporation of new information.® It is not obvious that those postulates of
rationality have anything to do with truth-conduciveness. In §5.2.1, we demonstrate that
such a connection does, in fact, exist: we show that a weakened version of the rationality
postulates is equivalent to a truth-conduciveness norm from formal learning theory, once
the requirement of limiting convergence has been imposed.

It is also not obvious that there should be any connection between the rationality
postulates that belief revision theorists take to govern theory change, and the synchronic
theoretical virtues investigated by philosophers of science. Rott (2000) expresses a hope
that such connections exist:

In his joint book with J.S. Ullian, The Web of Belief (1978), Quine has added
more virtues that good theories should have: modesty, generality, refutability,
and precision. Again, belief revision as studied so far has little to offer to
reflect the quest for these intuitive desiderata. Except for the issue of conser-
vatism, Quine’s list is one of theory choice rather than theory change in that
it lists properties that a good posterior theory should have, independently of
the properties of the prior theory. It is a strange coincidence that the philoso-
phy of science has focussed on the monadic (nonrelational) features of theory

3Rott (2000) questions whether the rationality postulates of belief revision are correctly thought
of as principles of minimal change. Alternatively, one can think of them as monotonicity principles.
That also suggests a rapprochement with the learning-theoretic viewpoint: adherence to the rationality
principles throughout the course of inquiry guarantees a certain degree of monotonicity—or “directness”
— of convergence to the truth.
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choice, while philosophical logic has emphasized the dyadic (relational) fea-
tures of theory change. I believe that it is time for researchers in both fields to

overcome this separation and work together on a more comprehensive picture
(2000, p. 15).

In §5.2.1 and §5.2.2, we demonstrate that theoretical refutability is a necessary condi-
tion for the rationality postulates of belief revision, in light of the requirement of limiting
convergence. What’s more, we show that theoretical refutability is equivalent to a version
of theoretical simplicity.

1.4 The Plan of the Work

The subsequent three chapters of this work are concerned with developing a fairly ide-
alized, but flexible model of inquiry. In Chapter 2, we show how topological structure
arises from the tendency of empirical information to accumulate.* We develop an episte-
mological interpretation of standard topological concepts and outline how methodological
difficulty arises from topological complexity. In Chapter 3, we show how the structure
of empirical underdetermination is captured topologically. We define a general notion
of empirical simplicity that arises from the topological structure of underdetermination.
We also show how that notion of simplicity is related to Popper’s degrees of falsifiability.
Chapter 4 focuses on the empirical questions that frame scientific inquiry. In that chapter
we characterize the class of empirical questions that can be successfully answered in the
limit of inquiry. In Chapter 5, we develop notions of optimally direct convergence that
refine the basic convergence notion of Chapter 4. We generalize the learning-theoretic no-
tions of mind changes and U-shapes, to reversals and cycles, respectively. We show how
cycle avoidance can be thought of as a weakening of some standard rationality principles
from belief revision. We define two versions of Ockham’s razor and show that they are
individually necessary conditions for avoidance of cycles, and minimization of reversals,
respectively. That performance can fall far short of truth-indicativeness, but it is, in our
sense, optimally truth-conducive, so the argument steers past inductive skepticism. On
the other hand, it mandates intuitive, methodological principles in the short run, so it
also avoids methodological triviality. In Gandenberger’s words, that justification “may
not give us everything we want, but it does seem to give us everything we need” (2012).
Finally, we characterize the classes of problems that can be solved without cycles and
where a notion of minimization of reversals applies. In Chapter 6 we turn to a natural
class of problems for which the simplicity order is a particularly apt epistemic represen-
tation. We demonstrate several examples of such problems. Chapter 7 concludes with
some final, philosophical considerations.

4The general topological setting is consonant with the increasing awareness that topology is a fruitful
setting for learning-theoretic analysis (Kelly, 1996; Martin et al., 2006; Schulte et al., 2007; Yamamoto
and de Brecht, 2010; Case and Kotzing, 2013; Baltag et al., 2014).



Chapter 2

The Topology of Inquiry

Topology is usually thought of as a “rubber-sheet geometry,” or the study of continuous
deformations of a space. Topological learning theory begins with a re-interpretation of
topology as the mathematics of verifiability by finite information. Once the fundamental
translations are made, topology emerges as a natural setting for epistemology. Many of
the same translations are made in Kelly (1996) and Vickers (1996). We adopt and expand
upon them here.

2.1 Possible Worlds

Let W be a set of possible worlds. In a particular scientific context, possible worlds
may be—among other things—probability distributions, points in a parameter space, or
functions in a Hilbert space. A proposition is a set P C W. The set of all propositions
is denoted P(W). The contradictory proposition is @ and the necessary proposition is
W. We assume the usual correspondence between logical and set-theoretic operations:

PANQ=PNQ,PVQ=PUQ, P°=W\ P and P entails @ iff P C Q.

2.2 Information States

Some propositions correspond to what we think of as information states. Propositional
information is understood to be true. Examples include propositions concerning discrete
experimental outcomes and inexact measurements of continuous quantities. Let O C
P(W) be the set of all possible information states one might be in.

Definition 1. We denote the set of all information states in world w as:

O(w)={0€ O :we 0}

15
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Definition 2. The set of information states O is a countable topological basis iff the
following postulates are satisfied.

o1. JO=W;
02. If A, B € O(w), then ANB € O(w).!
03. |0] < w.

The first thesis is rather uncontroversial: vacuous information is information. If a
world presented no information, it would be of no interest for empirical inquiry. The
second thesis is material. It says that if A and B are both information states in world
w, then so is their conjunction. Essentially: information accumulates. The second thesis
is not a conceptual fact about the nature of information, e.g. quantum theory tells
us that although we can be informed about the position and about the momentum of a
particle, we cannot be informed of both at once. But information does accumulate in most
ordinary, scientific contexts. In statistical estimation, more data is collected from the same
distribution. In curve fitting, we observe more instances of a process governed by a general
law. Most empirical inquiry does not get off the ground without some assumption about
the tendency of information to accumulate. The third thesis is partly for mathematical
tractability. But it is also well-motivated by Alan Turing’s (1936) argument that infinite
gradations of input information are indistinguishable. In what follows, we take for granted
that the set of all information states form a countable topological basis.

2.3 Verifiable Propositions

Definition 3. Proposition P is verifiable iff for every world w € P there is some
information state O € O(w) such that O entails P.

Methodologically, a proposition is verifiable iff there is an empirical method that re-
turns ‘true’ whenever the proposition is true. The natural method simply waits for in-
formation that entails the proposition. ‘Bread will cease to nourish’ is an archetypal
verifiable proposition: in every world in which it is true we eventually observe that bread
no longer works as it used to. ‘The empirical law is a polynomial of degree 2 or higher’ is
another such proposition: if it is true, we eventually observe some non-linear effect. We
show that the set of verifiable propositions is simply the closure of the set of information
states under arbitrary union.

Proposition 1. Let V be the set of verifiable propositions and let O* be the closure of O
under arbitrary union. Then V = O*.

!This can be weakened to [02’. ] If A, B € O(w), then there is C € O(w) such that C C AN B.
Nothing essential would be changed, though the statements of the theorems and their proofs would be
more cumbersome.
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Proof. Suppose E € V. Then for every w € E there is O,, € O(w) such that O,, C E.
Therefore £ = |, cp Ow € O*. Now suppose £ € O*. Then E = J,.; O; where [ is some
index set and O; € O for each i. Then if w € F, there is some ¢ such that w € O; C E as
required. O]

The following are four theses about verifiability.

V1. The contradictory proposition & is verifiable.
V2. The trivial proposition W is verifiable.
V3. The verifiable propositions are closed under finite conjunction.

V4. The verifiable propositions are closed under arbitrary disjunction.

The first follows trivially, since the contradictory proposition contains no world. The
second follows from the fact that every world presents some information. The fourth is
equally immediate: if every disjunct is entailed by some information state in each world,
then so is the disjunction. Only the third proposition is substantive, because only the
third relies essentially on the second thesis of information.

Proposition 2. The set of verifiable propositions, V, satisfies (V1-V4).

Proof. It remains only to show (V3). Suppose A and B are verifiable. If AN B = &, then
it is verifiable by (V'1). Suppose there is w € AN B. Then there are information states
04, Op entailing A and B respectively, such that w € O4NOg. Sow € O4NOg C ANB.
By (02) O4NOp € O(w) as required. O

Perhaps the most striking thing about (V1-V4) is the asymmetry between (V3) and
(V4). Although we can verify that the sun will rise every day this week if we wake up
early enough, we cannot verify that the sun will rise every morning from now on. And
although we can verify that any finite number of ravens are black by examining each of
them, we cannot verify the universal generalization that all ravens are black. Universal
laws are not verifiable, though their instances are. The asymmetry is just right for the
study of verifiability.

What we have shown is that the verifiable propositions form a topological space.

Definition 4. If V C P(W), then (W,V) is a topological space iff V satisfies the
following four axioms.

T1. @ €V;
T2. W € V;
T3. If A,B€V, then ANB €€V,
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T4 IfSCV, then|JS € V.

In topology, the elements of V' are called open sets. We say that O is a basts for
(W, V) iff V is the closure of O under arbitrary union. The elements of the basis are called
basic open sets. Every topological basis is a basis for the topology (W, O*) where O* is
the closure of O under arbitrary union. Proposition 1 shows that the information states
are a basis for the topology of verifiable propositions. We also need the following technical
notion: if A € P(W), then the subspace topology on A is given by (A,V‘A) where

V|, ={ENA:EeV}.

2.4 Falsifiable Propositions
Definition 5. Proposition P is falsifiable iff P¢ is verifiable.?

Equivalently, every world in P¢ presents some information entailing P¢. Methodologi-
cally, a proposition is falsifiable so long as there is a method that returns ‘false’” whenever
the proposition is false. The following four theses axiomatize falsifiability.

F1. The contradictory proposition & is falsifiable.
F2. The trivial proposition W is falsifiable.
F3. The falsifiable propositions are closed under arbitrary conjunction.

F4. The falsifiable propositions are closed under finite disjunction.

In topology, the falsifiable propositions are called closed sets. The complement of
every closed set is open. If F C P(W) and F satisfies (F1-F4), then letting V = {W\ F :
F € F} we have that (W,V) is a topological space. Finally, we say that Q € P(W) is
closed in P iff @ # QN P is closed in the subspace topology defined on P.

2.5 Decidable Propositions
Definition 6. Proposition P is dectdable iff it is both verifiable and falsifiable.

Methodologically, a proposition is decidable iff there is an empirical method that returns
‘true’ whenever it is true and ‘false’ otherwise. In topology, decidable propositions are
called clopen sets.

2We will use refutable and falsifiable interchangeably.
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2.6 Conditionally Falsifiable Propositions

Definition 7. Proposition P is conditionally falsifiable iff it is the intersection of a
verifiable and a falsifiable proposition.

Equivalently, P = A N B¢ for A, B both verifiable. In topology, such sets are said
to be locally closed. The methodological interpretation of conditional falsifiability is
somewhat subtle. If P is true, then A will be verified, and B will not. If P is false,
then either B will be verified or A will not. Every conditionally falsifiable proposition
can be thought of as a default rule: conclude P so long as A has been verified but
B has not. This is best illustrated with an example. Suppose you are interested in
the polynomial form of an empirical law. The proposition ‘the law is quadratic’ is not
refutable if the truth is linear—no amount of true linear data rules out the appearance of
a subtle quadratic effect at larger sample sizes. However, if you do observe a quadratic
effect, the proposition becomes refutable by the observation of any higher-order effect.
So, if you observe a quadratic effect you can fallibly conclude that the law is quadratic. If
you are wrong, your conjecture will be refuted by future data. The following proposition
express that epistemic feature topologically.

Proposition 3. P is locally closed in (W, V) iff for every w € P there is O € O(w) such
that P N O is closed (falsifiable) in the subspace topology on O.

Proof. =: Suppose P is locally closed. Then P = O N C for O,C°¢ € V. So for all
w € P, there is O' € O(w) such that O C O. Therefore PN O" = O' N C' is closed in
O'. <«: Suppose the right hand side holds. Then for each w € P there is O, € O(w)
such that P is closed in O, and therefore O,, \ P is open in O,, and in W as well. Then
P =pep(Ouw) \ Upep(Ow \ P) is locally closed as required. O

2.7 Constructible Propositions

Definition 8. P is constructible iff it is a finite union of locally closed (conditionally
verifiable) propositions.

The constructible sets form a Boolean algebra.® In fact the constructible sets are pre-
cisely the algebra generated if we close the open (verifiable) and closed (falsifiable) propo-
sitions under finite conjunction and complementation. The methodological interpretation

3Hempel (1965) posited that the empirically significant propositions must be closed under negation and
disjunction i.e. they must form an algebra. Finding that neither the falsifiable nor verifiable propositions
were closed under negation, he despaired of any sharp criterion of empirical significance. The constructible
propositions go part way in answering that objection. Methodologically, these are the propositions that
are decidable with finitely many mind-changes (Kelly, 1996). However, they do not include propositions
of higher complexity e.g. ‘for every substance there exists some solvent’. Propositions of that kind reside
in the second level of the Borel hierarchy. In a sense, Hempel was correct that cognitive significance
comes in degrees—but it is in degrees of topological complexity.
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of the constructible propositions will not play a large role in what follows. However, Kelly
(1996) shows that these are exactly the propositions that are decidable with finitely many
mind changes. We have the following useful theorem about constructible propositions.

Proposition 4. P is constructible iff there is a least integer n such that P admits a
decomposition into n disjoint, locally closed sets.

Proof. See the main (and only) Theorem in Allouche (1996). O

2.8 The Generalized Borel Hierarchy

The constructible propositions do not exhaust the propositions of interest for empirical
inquiry. Propositions of higher topological complexity are classified according to the Borel
hierarchy.*

Definition 9. The successive levels of the Borel hierarchy are defined recursively.
Y=V,
0 ={y:v=JUu\V}
1€EW
where U, Vi € ¥ for 8 < o and o < wi. Furthermore, we define IT), = {Y : Y* € ¥}
and A% = Y2 NTIY.

For our purposes, we will not be concerned with propositions residing above the second
level of the hierarchy. So the most complex propositions we will deal with are countable
unions of locally closed sets (29 sets) and their complements (II9 sets). The methodolog-
ical interpretation of these sets will play a large role in what follows.

4We follow de Brecht and Yamamoto (2009) in our definition. This definition is in general different
from the classical definition, but more appropriate for our purposes. The two definitions coincide for
metrizable spaces (see Proposition 3.7 in Kechris (1995)).



Chapter 3

Simplicity and the Structure of
Underdetermination

Underdetermination arises when finite information cannot distinguish between possibili-
ties. The problem of induction is just another name for underdetermination by informa-
tion. Hume teaches that we cannot be certain that bread will always nourish—everything
we observed in such a world would be consistent with bread ceasing to nourish sometime
in the future (Hume, 2011, Part II, §28). Finite information can establish that bread
has nourished up until now, but underdetermines whether it will continue to nourish.
Where there is underdetermination, inquiry must proceed by ampliative leaps beyond
the data. In this section, we show how topological operators like closure, boundary, in-
terior and frontier capture the various aspects of underdetermination in an elegant and
concise fashion. We then show how a notion of simplicity arises from the structure of
underdetermination in a topological space.

3.1 The Topological Closure

For every proposition P C P(W), we can define the set of information states consistent
with P as follows:

o) = J o(w).

weP

The closure of P, written P, is the set of worlds in which P is never falsified, or
equivalently, the set of worlds that only present information consistent with P.

Definition 10. The closure of P is P = {w : O(w) C O(P)}.

We rehearse some standard facts about the closure operator. Proposition () entails P
if and only if every information state consistent with () is consistent with P.

21
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Proposition 5. Q C P if and only if O(Q) C O(P).

Proof. Q C P iff for every w € Q, O(w) C O(P) iff 0(Q) = ,,., O(w) C O(P). O

weQR
Proposition 6. P is falsifiable if and only if P = P.

Proof. P is falsifiable iff every world in P¢ presents information falsifying P iff P¢ = P°
iff P=P. O

Proposition 7. If P C Q, then P C Q.
-

Proof. Suppose P C ). Then O(P) C O(Q). So P={w:0w) COP)CO@Q))}. So
if we P, w e () as required. O

3.2 Interior, Boundary, and Frontier

There are finer epistemological distinctions to be made. The boundary of P, written
OP, is the set of worlds where neither P nor P¢ is ever refuted, i.e. PN P¢. In boundary
worlds, the question whether P is underdetermined by information. The boundary of any
proposition is closed. The #nterior of P, written P°, is the set of worlds where P is
eventually verified i.e. P N P¢. The interior of any proposition is open. Clearly, the
closure of P is the union of its interior and its boundary. The frontier of P, sometimes

\% —
written P, is the set of worlds in which P is false, but never refuted i.e. P N P¢. In the

frontier, P is false, but the question whether P is underdetermined. Denote n iterations
nv

of the frontier operator as P. We can now give a more detailed statement of Proposition
4:

2nV
Proposition 8. P is constructible iff there is a least integer n such that P = & and

furthermore, P admits the following canonical decomposition into n disjoint locally closed

sets:
(2n—2)v  (2n—1)Vv
U---u P \ P .

Proof. See the main (and only) Theorem in Allouche (1996). O

<< <|

U [Py

<

P=(P\

3.3 Separation Axioms

Topological separation axioms constrain how underdetermined worlds (or maximally in-
formative propositions) can be by information. We say that the space (W, V) is Ty iff for
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every distinct pair of worlds w and v, we have that O(w) # O(v). This has the effect
of ruling out metaphysical distinctions between worlds: if we have distinguished between
w and v, it is because there is some informational difference between them. We can say
more. The space (W, V) is T; iff for every distinct pair of worlds w and v, O(w) € O(v).
Thus, for any distinct w and v, world w presents information refuting v and vice-versa.

The Tp axiom is a separation axiom introduced by Aull and Thron (1962) that is
strictly stronger than Tj and weaker than 77. We say that the space (W, V) is Tp iff every
singleton w € W is locally closed.! We will discuss the epistemological significance of the
Tp axiom in what follows.

3.4 The Specialization Order

If we live in a world where bread will always nourish, everything we ever observe will
be consistent with bread ceasing to nourish sometime in the future. But the situation is
asymmetrical: if we lived in a world where bread ceases to nourish eventually, we would
find out sooner or later. There is a natural order that captures the structure of inductive
underdetermination between worlds.

Definition 11. The specialization order is given by setting w < v iff O(w) C O(v).

Then we have that w < v iff all information in w is consistent with v. If that is the
case, we say that w has a problem of induction with respect to v. Furthermore, let w < v
if w < v and v £ w. Then we say that w has a strict problem of induction with respect
to v. The specialization order is a pre-order on W for every topological space (W,V). So
long as V is Tj, the specialization is also a partial order i.e. if w < v and v < w, then
w =wv. If V is T, the specialization order is trivial and uninteresting: nothing is ordered
with anything else.?

We can lift that order to arbitrary proposition in an obvious way.

Definition 12. For X,Y € P(W) set X XY iff O(X) CO(Y).?

Then X <X Y iff any information consistent with X is consistent with Y. For any
topological space (W,V), that defines a pre-order over P(W). It is not in general a
partial order, even if the topology is Ty. Crucially, that order does not collapse in T}
spaces. We identify < with the simplicity order over propositions.

Definition 13. For all X,Y € P(W), X is simpler than Y if and only if X <Y.

'T am grateful to Thomas Icard for turning my attention to these spaces.

2Many of the topological spaces studied in the empirical sciences have a T} structure, so their special-
ization order is uninteresting. Lifting the simplicity order to propositions in Definition 12 allows us to
abstract away from the T} structure of such spaces.

30r, equivalently, X <Y if X C Y.
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So X is simpler than Y if and only if all information states compatible with X are
compatible with Y.# This straightforward relation captures many of our simplicity intu-
itions. Exactly that relation holds between sets of polynomials of lower and higher degree;
between nested statistical models; and between universal generalizations like “all ravens
are black” and their negations. We give some examples for which the simplicity relation
renders an intuitive verdict.

Example 1. Let W be the set of all binary sequences. Think of a O in the n-th position
as encoding the observation ‘the n-th raven is black” and 1 in the n-th position as encoding
the observation ‘the n-th raven is not black’. Let the information states O be given by the
cylinder sets determined by finite initial sequences. Then (W, O*) is a topological space.
Let B be the set containing the constant zero sequence. This proposition says that all
ravens are black. Then B < B¢, since any finite number of black-raven observations are
consistent with the next raven being non-black.

Example 2. In learning theory a concept space is a collection of subsets of N. Concept
spaces are used to model language learning problems (Luo and Schulte, 2006; Yamamoto
and de Brecht, 2010). An element of a concept space is called a concept. Given a concept
space W and S C N, we define + S = {L € W : S C L}. The information states are
given by the set of all such up-sets: O = {F : FF =1 S for some S C N}. Then (W, O*)
1s a topological space. It is straightforward to show that richer concepts are more complex

i.e. if S, 8" € W, then S X5 iff S C S".

Example 3. Consider the paradigmatic problem of inferring polynomial degrees. Let
Wes be the set of all continuous functions with support on [a,b]. Let a = (ay,...,ay)
be a finite vector of real numbers such that a, # 0. A polynomial function is a function
expressible as fa = .., a;xt. Let Wooly C Wes denote the set of all polynomial functions
with support on the interval [a,b]. Then n is the degree of fa and the form of fa is the
set S of non-zero positions in a. Let D, denote all f € Wyay of degree n and let Fg
denote the set of all f € Wyey with form S. Define F<g to be the union of all Fs/ such
that S C S. Define F.g similarly, for strict subsets of S. Observations are finite sets
of open coordinate rectangles in the real plane, which are just non-empty cross products
(1, 22) X (y1,y2). Given finite set R of such rectangles, the information Eg is the set of
all f € Wys that have non-empty intersection with each element of R. Let O, denote the
set of all such information states. Then O, s a topological basis, for given E, E' € Oy,
the conjunction E N E’ is the set of all continuous functions that pass through R U R/,
for corresponding, finite sets of rectangles R, R'. Thus, Jas = (Was, Of) is a topological

rec
space. Similarly, Tpoy =T 15 a topological space. Note that the topological space is

cts‘W
poly
not imposed—it emerges from the sort of measurements one intends to make.

4Note that that relationship depends only on the topological structure of information and is therefore
preserved by any homeomorphism of the space. This makes it invariant e.g. under grue-like transforma-
tions.
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Let Oz be the information basis induced by the L* norm on Wes. Then J2 =
(Wes, Or2) is a Hilbert space. As one would expect, the set of polynomials of degree n + 1
1s more complex than the polynomials of degree n.

Lemma 1. If S is a finite subset of N, Fg, F<g are closed in J2.

Proof. Every finite dimensional subspace of a Hilbert space is closed. Finite unions of
closed sets are closed. O]

Lemma 2. If D C Wy 1s closed in T2, it is closed in Jes.

Proof. Suppose D C W is not closed in Jes. Then there is f € ﬁ\ D where the closure
is in terms of Jus. Exploiting continuity and the compactness of [a, b], we can construct
a Cauchy sequence {f;} C D converging to f in the L? norm. Since every closed subset
of a complete metric space is complete, it must be that D is not closed in J2. O

Proposition 9. If S, S’ are finite subsets of N and f € Fg, then Fs =<5, Fs iff S C 5.

Proof. «<: It suffices to show that for all f € Fs and € > 0, there exists g € Fg such that
sup |f — g| < e. Since the 2" are continuous, |37, ¢\ g2’ is continuous as well. Since [a, b]

is closed and bounded, | 37, g1 ¢ #'| attains a maximum M on [a,d] by the extreme value
theorem. So letting a = €/M, and g = f+ 3" o g ar’, sup |f — g| < e. =: Immediate
from lemmas 1 and 2. O

Proposition 10. For alln € N, D, < D, ;.
Proof. Follows immediately from Proposition 9. O

Our notion of simplicity has some pedigree in the philosophy of science. In The Logic
of Scientific Discovery, Popper proposes to define simplicity in terms of the falsifiability
relation:

A statement x is said to ‘falsifiable in a higher degree’ or ‘better testable’ than
a statement y ... if and only if the class of potential falsifiers of z includes the
class of the potential falsifiers of y as a proper subclass’ ... The epistemological
questions which arise in connection with the concept of simplicity can all be
answered if we equate this concept with degree of falsifiability (Popper, 1959).

Popper’s notion and ours are equivalent. To see that, define the class of potential falsifiers
of X C W as the set of all information states inconsistent with X:

F(X) =0\ OX).

Then X is more falsifiable than Y, if F(Y) C F(X). It is easy to show that X <Y
if and only if F(Y) C F(X). Much of what follows is an elaboration of the consequences
of identifying the simplicity order with the falsifiability order.
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3.5 Simplicity and Falsifiability

Definition 14. Nonempty proposition P is minimal in < iff @ # A < P implies that
A=P.

Since simplicity is defined in terms of falsifiability, it is not surprising that minimal
elements in the simplicity order are falsifiable.

Proposition 11. If a proposition P is minimal in the simplicity order, it is closed (fal-

sifiable).
Proof. Suppose P is not closed. Let w € P\ P. Then {w} < P and {w} # P so P is not
minimal. [

The converse, however, is not true. For an easy counterexample consider that the
entire space W is closed, but every proposition is simpler than W.

Definition 15. Define the downward closure of a proposition P as follows:

P.=|Jlo=P:QePwW)}

Say that a proposition P is downward closed iff P = Px.

If a proposition is downward-closed, all simpler propositions are logically stronger.
A downward closed proposition is minimal so far as empirical—though not logical—
considerations are concerned. It is straightforward to show that the downward closure of
a proposition in the simplicity order is its topological closure i.e. Px = P. The following
proposition follows immediately.

Proposition 12. Proposition P is downward closed in the simplicity order iff P is closed

(falsifiable).

To summarize: if a proposition is simplest, then it is falsifiable, and if a proposition is
falsifiable, then any simpler proposition is logically stronger.

Constructible and locally closed propositions interact nicely with the simplicity or-
der. Locally closed propositions have a special feature: the set of all disjoint, simpler
propositions is falsifiable.

Proposition 13. P is locally closed Zﬁl\f/’ = P\ P is closed (falsifiable).

Proof. =: If P is locally closed, P = AN B¢ for A, B € V. So
PNP'=ANBN(A°UB)=(ANB°NA)U(ANB°NB)=AN BN A",

since ANBNBC ANB‘NB=ANB°NB=@. And since A is open, AN B¢ N A° is

closed. <=: In general, P = P\ IVD If IvD is closed, then P is locally closed. O]
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As an immediate Corollary, we have that, in every world in a Tp space, the set of all
simpler worlds is falsifiable.

\
Corollary 1. (W,V) is a Tp space iff for allw € W, {w} is closed (falsifiable).

Furthermore, the simplicity relation is antisymmetric for disjoint, constructible propo-
sitions.

Proposition 14. A, B € P(W) are non-empty, constructible, and disjoint, then B £ A
if A< B.

\% \%

\Y \Y — i —
Proof. First note that for all A, A C A, since A = ANA°N(ANA°)=ANANAU
AN AN (Z)C. The first disjunct is a subset of A and the second disjunct A N A¢N (Z)C C
AnAn(4) =2

2nV
Let A, B be constructible. Let n be the least natural such that A = @. Such an n

exists by Proposition 8. Now suppose B C A and A C B. Since A, B are disjoint, we

v _ v v v ¢
have that B C A and B C A. Therefore A C A. Since for all propositions A, A C (A) ,

x x (2n—2)Vv 2nV
we have that AC A. So A=A. Butthen A = A = &. Son is not the least natural

2nV
such that A = &. Contradiction. O]
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Chapter 4

Empirical Problems and their
Solutions

4.1 The Context of Inquiry

It is a philosophical truism that science is a problem-solving activity aimed at answer-
ing a theoretical question (Van Fraassen, 1980; Laudan, 1984). Laudan (1984) gives a
representative articulation of that view:

If problems are the focal point of scientific thought, theories are its end result.
Theories matter, they are cognitively important, insofar as—and only insofar
as—they provide adequate solutions to problems. If problems constitute the
questions of science, it is theories which constitute the answers (1984, p. 13).

To adequately flesh out the context of inquiry, we must include the question that
inquiry is meant to answer. We adopt a partition semantics for questions—standard
in theoretical linguistics—wherein a question sets up a choice between the mutually ex-
clusive and jointly exhaustive propositions that constitute its answers. (Hamblin, 1973;

Groenendijk and Stokhof, 1984).
Definition 16. A question is a partition of W into a countable set of answers.

The topological basis specifies what information is potentially provided. The question
under discussion regiments the output information demanded. An empirical problem arises
from the tension between the information demanded by the question and the information
supplied by the basis.

Definition 17. An empirical problem is a triple ' = (W, 0, Q), where W is a set of
possibilities, O C P(W) is a countable topological basis, and Q is a question partitioning
W.

29
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In other words, the context specifies the possibilities the inquirer takes seriously (W),
the information Nature is expected to provide as input (Q), and the information the
inquirer is expected to output (Q).!

4.2 Empirical Methods

We are not interested in all of the features of agents performing empirical inquiry. Neither
do we care so much about what belief is, or for traditional distinctions between belief,
acceptance, and so on. We represent agents only by their method, which we take to be
their disposition to respond to information with conjectures.

Definition 18. An empirical method is a total function A : O — P(W).

Methods can conjecture any proposition in response to information. This allows a
method to make many more distinctions than are relevant to the question. It is helpful
to define operators that pick out the answers entailed by any given proposition.

Definition 19. For A € P(W), define Q(A) to be the set of all answers compatible with
Ade {QeQ:ANQ # &} and Q(A) = Q(A).

When w € W we abuse notation somewhat, by letting O(w) = Q({w}). We also make
the following idealization on the nature of the learning methods under consideration.

Definition 20 (Deductive cogency). We say that a method X is deductively cogent iff
@ # QNE)) € QE) for E € O\ {a}.

A deductively cogent method never admits an answer as a possibility if it is inconsistent
with the data. We assume all methods are deductively cogent from now on.

4.3 Swuccess in the Limit

A method solves the problem if in every world, the method eventually converges on the
true answer. That is, in every world there is some information state such that for all
stronger information states consistent with that world, the method conjectures the true
answer.

Definition 21. Method )\ solves B in the limait iff for all w € W, there is a locking
information E € O(w) such that if F € O(w), then @ # A(ENF) C Q(w).

It is convenient to refer to the set of all information states for a particular world on
which a given method locks on to the correct answer.

Tt has been widely observed that observations are often theory laden—what is considered information
may itself be determined by theory. We do not represent that dependence.
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Definition 22 (Locking information). For arbitrary empirical method A and w € W,
define Lock(\, w) as the set of all E € O(w) such that if F € O(w), then \(ENF) C Q(w).

The following proposition is immediate.
Proposition 15. A solves B in the limit iff Lock(\, w) # & for each w € W.

As in all learning-theoretic analyses, ours is an externalist notion of success: a method
that solves the problem is guaranteed to converge to the true answer, no matter which
world is the true one. However, there is no sense in which the method becomes subjectively
certain that it has converged to the truth.? The set of all problems that are solvable in
the limit can be given an elegant, topological characterization.> We first define a special
class of questions.

Definition 23. Question Q is locally closed iff each answer Q) € Q is locally closed.
Problem B = (W, O, Q) is locally closed iff Q is.

Definition 24. Question Q' refines another question Q iff for each answer Q' € Q' there
is an answer @ € Q such that Q' C Q.

Proposition 16 (Characterization of Solvability). The following propositions are equiv-
alent

1. There is a method that solves B = (W, O, Q) in the limit.
2. Each answer Q € Q is a AY proposition.
3. The question Q is refined by a locally closed question Q'.

Proof. To see that (1) implies (2), suppose A solves 3. For each w, choose O, €
Lock(A,w). Then {O, : w € W} is a (countable) cover of W by locking information.
Now let O, = U{E € O: E C O, and A(E) € Q(w)}. Then O, \ O,, is locally closed.
We claim that Q = (J,,cqOuw \ O, for each Q € Q. Let w € @, then w € O, and
since O,, is locking for w, w ¢ O,,. So w € Oy \ O, € U,cqOw \ O,,- Now suppose
v € Uypeg Ow \ O,- Then for some w € Q, v € O, \ O,,. Suppose v € Q' # @, then there
is O, € Lock(\,v) and A\(O, N O,) C Q' # Q. But then v € O!,. Contradiction. We have

20One may well be interested in stronger notions of success, in which subjective certainty is possible.
Finite mind-change decidability is one such notion. It is investigated in Kelly (1996) and Luo and Schulte
(2006). The notion of success investigated in this work is weak enough to be achievable in a broad class
of problems and strong enough to be of methodological interest.

3This result is also given in de Brecht and Yamamoto (2009, Theorem 5), where it is couched in
the terms of computable analysis. Many of the moves made in this theorem were anticipated in the
manuscript of Kelly and Lin (2011, Theorem 3) in a first-countable setting. It is also to be published
in Baltag et al. (2014, Theorem 8). It is proven for the Baire space in Kelly (1996, Proposition 4.10).
Except where noted, this proof was arrived at independently by the author.
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shown that each Q € Q is X9. Since there are only countably many answers Q¢ € %9 as
well. So each @ is AJ.

To see that (2) implies (3), suppose @ is a X3 proposition. Then Q = (J,.xO; N C;
where O;, CY € V. Since the constructible sets are closed under complementation, letting
Q:=0;NC;\ (Uj<i O; N C;), we have that the @); are a disjoint family of constructible
sets.* By Proposition 4, each Q; can be decomposed into finitely many disjoint locally
closed sets as required.

To see that (3) implies (1), we construct a method that solves an arbitrary locally
closed question. In broad outline, the method enumerates all of the answers and con-
jectures the first one in the enumeration that is refutable in the subspace of the current
data. The nature of locally closed questions ensures that no matter which answer is true,
it eventually becomes (and remains) the first refutable answer in the enumeration. Let
Q' be locally closed and refine Q. Enumerate the elements of Q" as {Q}}ien. For E € O,
define

the least 7 such that @, N E is closed in £ if it exists,
w otherwise.

Now define the following method:

AMinFals(E) = {Q;(E) ! U(E).?é -
E otherwise.
Letw € Q; € Q. Let C := {j : j < i and there is E' € O(w) such that @} N E is closed in E}.
For each j € C, let E; € O(w) be such that Q' is closed in Ej. Then for j € C, Q] is
closed (or falsified) in ;e £j := E € O(w). Furthermore, for all j € C, @ is falsified in
Njcc EiNNjec(E\Q)) := F € O(w). Furthermore, by Proposition 3 there is O,, € O(w)
such that Q; N O, is closed in O,. Then O, N F is locking for Aminpais in w.
[

The following proposition is an immediate corollary.

Corollary 2. If |W| < w and Q, is the discrete partition on W, then P = (W, 0, Q)
is solvable in the limit iff (W, O0%) is a Tp space.

According to the Duhem-Quine thesis, a scientific theory becomes refutable by expe-
rience only when sufficiently articulated with auxiliary hypotheses and initial conditions.
Furthermore, a theory can always be saved in the face of an anomalous observation by

4T am grateful to Alexandru Baltag, for showing me that construction in private communication.
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tweaks to these auxiliary hypotheses.® Proposition 16 shows that inquiry can proceed
successfully even in light of the Duhem-Quine thesis. The hallmark of a solvable problem
is that each competing theory can be decomposed into at most countably many condi-
tionally falsifiable articulations. One can think of each of these articulations as a theory
fortified with enough auxiliary hypotheses as to make it refutable by experiment. Though
a scientific theory may itself be unfalsifiable, each of its articulations must be (condition-
ally) falsifiable. Each competing theory may be re-articulated infinitely many times, but
the problem remains solvable—inquiry eventually arrives at the true articulation and, by
consequence, at the true theory.

Locally closed questions interact nicely with the simplicity order.

Proposition 17. If B = (W, O, Q) is locally closed, then the elements of Q are partially
ordered by <.

Proof. Follows immediately from Proposition 14 and the fact that < is a pre-order over
all propositions. O

We conclude this section with a technical result, demonstrating that—in a sense to be
made precise—any restriction of a solvable problem is also solvable. Problem restrictions
can be thought of as representing the state of inquiry after some new information has
been acquired, or some new presupposition has been imposed.

Definition 25 (Problem Restriction). If B = (W, 0,Q) and C € P(W) then (’)‘C =
{ENC:Ee0}, Q. ={QNC: Qe Qt\ (o} and |, = (C.0],. Q|,).

Lemma 3. If B is a solvable problem and C' € P(W), then ‘B’C 1s a solvable problem.

Proof. Follows immediately from the equivalence between (1) and (3) demonstrated in
Proposition 16 and the fact that a set is locally closed in the subspace topology O| o it
is the intersection of C' with a locally closed set of O. O

4.4 Simplicity and Learning

The method Awminpais Succeeds by conjecturing the least answer in the enumeration that is
downward closed in the simplicity order (falsifiable) in the subspace of current information.
The method Awinrais relies on both the simplicity order and on the additional bias provided
by the (arbitrary) enumeration of the answers. It is natural to ask: when does the
simplicity order itself provide enough guidance to solve the problem? Define

Fals(E) = U {Q€Q:QNEisclosed in E}.

SFor a classic discussion see Lakatos (1970, pp. 101-2)
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Now define the method Ar,c as follows:

Arais(E) = {Fals(E) if Fals(E) # @

-\ E otherwise.

Though plausible, that method is not universal. It will only solve a problem if every
answer eventually becomes the uniquely falsifiable answer and remains uniquely falsifiable
until it is refuted.

Definition 26. Problem P = (W, O, Q) is simplicity driven iff for everyw € W, there
is E € O(w) such that for all F € O(w), Q(w) = Q(Fals(E N F)).

Proposition 18. IfB = (W, O, Q) is simplicity driven, then Q is locally closed.
Proof. This is an immediate consequence of Proposition 3. O
Proposition 19. Problem P is solved by Apas iff it is simplicity driven.

Proof. =: Suppose P is not simplicity driven. Then there is w € W such that for
all E € O(w), there is ' € O(w) such that Q(w) # Q(Fals(E N F')). Suppose E €
Lock(Afpais, w). Then there is F' such that Q(w) # Q(Fals(E N F)). That implies that
Q(w) # Q(NE N F)), since otherwise Q(A(E N F)) = Q(Fals(E N F)). So we have that
Mais(E N F) # Q(w), and, hence, E ¢ Lock(Agas, w). <: Straightforward, by reversing
the previous argument. ]

Not all problems are simplicity driven. For such problems, some bias in addition
to simplicity must be applied in order to solve the problem. Here is a straightforward
example of such a problem.

Example 4. Let Q := {{n} : n € N}, O be the co-finite topology on N, and Pcofinnat =
(N,O, Q).

This problem is not simplicity driven, since every answer compatible with the data is
simplest. However, it is solvable in a straightforward way: conjecture the least natural
number consistent with the data.
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Refining Success in the Limit

5.1 Varieties of Non-Monotonicity

Scientific inquiry is not monotonic: an accepted theory can be retracted or repudiated
as new evidence comes to light. But while some degree of non-monotonicity is mandated
by the pressure to converge to the truth, other varieties of non-monotonicity can be
minimized, and sometimes, avoided altogether. Optimally truth-conducive methods are as
monotonic as the problem allows. In this section we develop a range of non-monotonicity
concepts that generalize mind changes and U-shapes from learning theory. First let us
define monotonicity.

Definition 27. Method X is monotonic for a problem P = (W, O, Q) iff QIN(ENF)) C
Q(A(E)) for all consistent E, F € O.

Monotonicity is not achievable unless each answer is verifiable (i.e., no inductive inference
is required to arrive at the true answer).

Proposition 20. Problem P = (W, O, Q) is solved by a monotonic method iff each Q € Q
1S open.

Proof. =: Suppose A solves B and @ € Q is not open. Let w € Q\ Q°. Then w € 9Q.
Let E € Lock(A,w). Since w € 0Q, there is w' € ENQ° Let Q' = Q(w') and
F € Lock(A,w'). Then QIN(ENF)) =Q ¢ @ = A(E). So A is not monotonic. <: This
direction follows straightforwardly by considering the method defined by A(E) = E for
Ee€O. O

We define three different forms of non-monotonicity, in decreasing generality. Retraction,
the most general form of non-monotonicity, involves any belief change that is not a logical
strengthening.

35
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Definition 28 (Retractions). A A-retraction sequence is a sequence of conjectures
(A(E;))ry such that for 1 < i <n, @ # E; € O and for 1 <i <n, E; D E;11 and
QA(E) 2 QA (Eisa))-

A retraction that also repudiates what was previously believed is called a reversal. This
is a “sharper” form of non-monotonicity, since it involves believing the negation of what
was previously believed.?

Definition 29 (Reversals). A A-reversal sequence is a retraction sequence (A(E;)),

such that Q(A\(E;)) is disjoint from Q(N(Eiy1)) for 1 <i <n.

A retraction sequence that terminates in a conjecture that entails the initial conjecture is
called a cycle.?

Definition 30 (Cycles). A A-cycle sequence is a reversal sequence (A(E;))?, such that
QA(ER)) € QA(EN)).

We need a way to compare the retraction sequences of different methods.

Definition 31 (Comparing Conjecture Sequences). If o is a A-retraction sequence of
length n and 6 is a N -retraction sequence of length n, then o < § iff Q(o;) C Q(J;) for
1< <n.

If 0 < 0, we say that o retracts at least as sharply as 6. Note that the relation < is a
partial order over conjecture sequences. Finally, we define the technically useful notion
of a singleton retraction sequence.

Definition 32 (Singleton Sequence). A singleton reversal sequence § is reversal sequence
in which for each i, Q(d;) € Q.

5.2 Avoiding Cycles

We have shown in Proposition 20 that reversals are not avoidable so long as any answer is
not verifiable. Cycles, however, are avoidable in a broad class of problems. In this section
we will show that the avoidance of cycles is equivalent to a weakening of some standard
rationality principles from belief revision. We also show that this postulate mandates a
version of Ockham’s razor. Finally, we will characterize the class of problems which are
solvable without cycles. First, let us define what it means to be cycle free.

In the formal learning theory literature, learners are defined so as to make maximally specific con-
jectures. In that setting, every retraction is a reversal. We allow methods to entertain disjunctive beliefs
about the true theory, so the distinction does not collapse.

2In formal learning theory, learning performance that exhibits cycles is called “U-shaped,” referring to
the linguistic proficiency curves of children that learn a grammatical construction, unlearn it, and then
learn it again (Carlucci et al., 2005; Carlucci and Case, 2013).
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Definition 33 (Cycle Free). Method A is Q-cycle free for 3 = (W, O, Q) iff there exist

no \-cycle sequences for 3.3

5.2.1 As a Principle of Rational Revision

We first restate two rationality postulates—familiar from belief revision and nonmonotonic
logic—in our own terms.*

Definition 34 (Q-Conditionalization). Method X\ satisfies Q-conditionalization iff
QINME)NQENF)CQNENF)).

This postulate says that the new belief state is no stronger than the conjunction of the
old belief state with the new data, so long as there are any answers compatible with both.
In slogan form, it says no induction, without refutation. Conditionalization is meant to
prevent “‘jumping to conclusions”—but that does not seem right for inductive inquiry. If
the relation between two measured variables satisfies repeated tests of linearity (e, ..., e,)
it should eventually be reasonable to conclude hy,, that the relationship is linear, even
though the observations do not logically entail the conclusion. That seems true even if
no prior theory was refuted, as the inquiry may well have begun with only a very general
hypothesis about the form of the relationship. The only way that can happen in the AGM
framework is if the conditional belief A,_,. e; — hj, was already in the original belief
state of the researchers (Schurz, 2011). Thus, so long as no refutation occurs, there is no
induction—scientific inquiry is simply a matter of working out the deductive consequences
of pre-existing commitments. That does not strike us as descriptively adequate for scien-
tific belief revision. More plausibly, it is a matter of leaping to the simplest hypothesis
compatible with the data.

Definition 35 (Rational Q-monotonicity). Method A is rationally Q-momnotone iff
QINMENF)) COWE))NQA(ENF) whenever QINE))NQ(ENF) # o.

This postulate says that so long as there are any answers compatible with both the
new information and the previous belief state, the new belief state entails them. In slogan
form, it says no retraction, without refutation. There are good reasons to think that
rationality principle is also too strong for inductive inquiry. Many have observed that
this principle precludes undercutting defeat® of inductive inferences (Gérdenfors, 1988;

3Cycle sequences are problem relative, but we often leave out mention of the problem when it is clear
from context.

1A learner can be thought of as a skeptical consequence relation by setting A |~ B iff A\(4) C B.
The analogy is not perfect since the learner is only defined on the topological basis, not on a Boolean
algebra. Nevertheless, rational Q-conditionalization and Q-monotonicity are intended as an analogues to
principles (K*7) and (K*8) of AGM revision respectively and the defeasible inference principles of the
same name.

% An undercutting defeat does not license inference to the contradictory conclusion, but calls into doubt
a prima facie reason for the conclusion (Koons, 2014).
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Schurz, 2011; Koons, 2014). We give an example in which rational Q-monotonicity is
violated by a plausible application of Ockham’s razor.

Example 5. Suppose that a scientific discipline considers the following three mutually
exclusive hypotheses possible, where the free parameters are allowed to range over all non-
zero values.

Hl H2 H3
Y = sin(X) Y = sin(X) Yy = X?
7 = bX +a 7 = ¢X?’4+bX +a 7 = ¢X?2+0bX +a.

Hypothesis H; is clearly simpler than Hs. Any finite, inexact but arbitrarily precise
data set compatible with H; is also compatible with Hy (tune ¢ as close to 0 as required).
On the other hand, H; is not clearly simpler than H3—the quadratic function is nothing
like the sine function—and a competent scientist can distinguish the two with a sufficiently
large or accurate sample. Suppose laboratory A is gearing up its accelerator to settle
whether Hj is true, and will complete the test by next year. For some time, laboratory B
has been diligently measuring X and Z with increasing precision, and the results confirm
(without certainty) that the relationship is linear. It is at least plausibly rational to reason
as follows. If Y is a sine function of X, then H3 must be false. Since that question will
be settled next year, there is no harm now in concluding that either H; or Hj is true.
One might leap immediately to H;, but it suffices for our purposes that believing the
disjunction of H; and Hj is not irrational. Now, suppose that laboratory B discovers
non-linearity of Z prior to the date of laboratory A’s experiment. Now H; is refuted, but
the disjunction H; V Hj is not. Rational Q-monotonicity mandates belief in Hj, prior to
the fateful experiment. That seems rash, since Hy appears to be equally simple with Hj,
and within the year laboratory A will decide between them. It seems more rational to
continue to suspend belief between H; and Hj, depending on the outcome observed in
laboratory A.° We can describe the situation by saying that H, being more complex than
H, was the only reason we had to exclude Hy (by Ockham’s razor), and refutation of H;
defeats that reason without literally refuting the disjunctive belief H; or Hj.

Neither rational monotonicity nor conditionalization seem quite suited for inductive
inquiry. One can plausibly” weaken these two postulates in the following way:

Definition 36 (Reversal Q-monotonicity). Method X is reversal Q-momnotone iff Q(A(EN
F)) meets QA (F)) N Q(EN F) whenever QA(E)) N Q(ENF) # .

6This is exactly what a simplicity-driven method like Aras would do.

Tt is at least prima facie plausible that if one receives data compatible with a prior belief state, one
should not conclude the negation of what one previously believed. But there are reasons to doubt even
that very weak principle of rational belief change. Suppose I believe that Hs is true, but have only seen
data compatible with H;. Then the pressure to converge to the truth can make we conclude Hy, although
I have seen no data incompatible with Hs. A more defensible principle might be that if one receives data
compatible with a prior belief state, one should not conclude the negation of what one previously believed,
unless that is absolutely mandated by convergence to the true theory.
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In slogan form that postulate says no reversal, without refutation. So long as there are
some answers compatible with both the new information and the previous belief state, the
new belief state ought to entertain some previous answer as a possibility. This postulate
insists that something be preserved from the old belief state, but does not say what, or
how much. Once the requirement of convergence is imposed, that very weak rationality
principle is equivalent to the total avoidance of cycles.

Proposition 21. If a method A\ solves B, then X is QO-cycle free iff \ is reversal Q-
monotone.

Proof. <: Suppose A performs a cycle. Then for some consistent F, F' € O, Q(A(ENF)) is
disjoint from Q(A(F)). Furthermore, for some G € O, such that G consistent with ENF
QANENFNG)) C Q(NE)). By deductive cogency, @ # QA(ENFNG)) C Q(EN
FNG)CQOENF). So Q(ENF)NQ(A(E)) # &. So A fails to be reversal Q-monotone.
=-: Suppose A is not reversal Q-monotone. Then there are consistent £, F' € O such that
Q(AN(E N F)) is disjoint from Q(A(E)) N Q(E N F) although Q(A(E)) N Q(ENF) # @.
Let w € EN F such that Q(w) € Q(NE)) N Q(E N F) and G € Lock(A, w). Then
QNENFNG)) =9Q(w) C Q(A(F)) and A performs a cycle. O

So long as you restrict to methods that solve the problem in the limit, endorsing
any of the two rationality principles implicitly endorses the avoidance of cycles. This
result sharpens our suggestion, at the outset, of a rapprochement between belief revision
theory and learning theory—avoiding “U-shaped” learning is shown to be equivalent to a
weakened rationality principle, given that the method converges to the truth.

5.2.2 A Necessary Ockham Principle

In this section we show that reversal monotonicity—and therefore any stronger rationality
principle—entails a version of Ockham’s razor, so long as attention is restricted to methods
that solve the problem in the limit.

Definition 37 (Q-Vertical Ockham). Method X is Q-vertical Ockham iff for all E € O,
Q(AN(E)) is downward-closed in E.

This methodological condition stops short of requiring that the learner’s conjecture be
manimal in the simplicity order, mandating only that any simpler answer consistent with
the data be admitted as a possibility.® The vertical razor is content-neutral: it does not
say whether the conjecture has to be weak or strong, requiring only that it be downward-
closed. By Proposition 12, the vertical razor is equivalent to the requirement that the

8In other words, if one pays an epistemic compliment to a complex possibility by including it in one’s
conjecture, one must pay the same compliment to any simpler answer consistent with the data.
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learner’s conjecture be falsifiable at every stage of inquiry. That is precisely Popper’s re-
quirement of falsifiability—an enjoiner for bold conjectures, vulnerable before the tribunal
of experience.

Proposition 22. If a method \ solves P and is reversal Q-monotone, it is Q-vertical
Ockham.

Proof. Suppose that A is not O-vertical Ockham. Then for some E € O there is w €

ENQAE))\ Q(E)). Let F € Lock(A, w), then QA(EN F)) = Q(w) is disjoint from
Q(A(E)), although Q(E N F) meets Q(A(E)), since E N F meets Q(A(F)). O

The moral of the previous result is that combining the principles of rational belief
change with a mandate of limiting convergence leads to highly intuitive, methodological
principles that are not mandated by either norm individually. Perhaps most surprising
is that if you endorse both limiting convergence and some weak rationality principle, you
must also endorse Popper’s falsificationist program. It was not our aim at the outset to
vindicate Popper’s views. Rather, they emerged in a surprising way from our topological
investigation of simplicity and optimal truth-conduciveness.

To see that the converse of Proposition 22 does not hold, consider the following ex-
ample.

Example 6. Let W = {a,b,c}, O = {{a,b,c},{a}, {b,c},{c},{a,c}}, and Q = {{a}, {b}, {c}}.
Let A({a,b,c}) = {a},A({a}) = {a},A({b,c}) = {b}, A({c} = {c} and A({a,c}) = {c}.
Then A is wvertical Q-Ockham and solves B = (W,0,Q), but it is not reversal Q-
monotone, since \({a,b,c}) N A({a,c}) =@ although {a,b,c} and {a,c} are consistent.

The Ockham Principle Stated Diachronically

We had originally defined the vertical razor as a synchronic condition: all conjectures must
be falsifiable in the current information state. We can also state an equivalent, diachronic
formulation, characterizing how vertical Ockham methods respond to new data.

Proposition 23. Method X is Q-vertical Ockham iff for all consistent E, F € O, Q(A(EN
\%
F)) € Q(Q(A(E))).

Proof. =: If Q(A(F)) is closed in E, then Q(Q(/\\EE))) = Q()\\EE)) = @. <: Suppose

Q(A(E)) is not closed in E. Let w € EN Q(A(F)). Let F' € Lock(A, w). Then Q(A(E N
F)) € Q(QAE))). O

Intuitively, what the method conjectures now is not consistent with any possibility sim-
pler than (but not entailing) what it conjectured before. The vertical razor says that the
complexity of conjectures can only increase in additional information—more information
will never elicit a simpler conjecture.
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5.2.3 Is Cycle-Avoidance Restrictive?

Not all problems can be solved without cycles. Consider the following example.

Example 7. Let Qpy == {{2n : n € N}, {2n +1: n € N}}, Oypser :== {{m : m > n}:
n e N} and f‘Bpl‘ty = (N, Oupseta Qprty)'

This problem asks whether the true natural number is even or odd. Every learner can
be forced to perform arbitrarily many cycles. The difficulty is that the question is too
coarse. It can be refined in an obvious way to yield a problem that is solvable without
cycles:

Example 8. The problem Bopny is refined by the natural problem Poum = (N, Oupset,; Cnum)
where Quum = {{n} :n € N}.

This problem asks which is the true natural number. It is solved without cycles in
the obvious way: at each stage, conjecture the least natural compatible with the data.
The example illustrates the general fact that every solvable problem can be refined to a
problem that is solvable without cycles. The remainder of this section proves that result.
A related result is demonstrated in Baltag et al. (2014), where the technical notion of
pseudo-stratification is first defined.

Definition 38 (Psuedo-Stratified Problems). Problem 3 = (W, O, Q) is pseudo-stratified
iff it is locally closed and there exists a total well-order < on Q, with order type less than
or equal to w, such that for all A, B € Q, we have that

if A< B, then either B C AorBCA"

Proposition 24. If P = (W, 0, Q) is a solvable problem, then there is P’ = (W, 0, Q')
such that Q' refines Q and R’ is pseudo-stratified.

Proof. See Proposition 2 in Baltag et al. (2014). O

Proposition 25. IfB = (W, O, Q) is pseudo-stratified, then it is solvable by a rationally
Q-monotone learner.

Proof. Define OrdMin(E) to be the set
{B € @(E) : B is closed in F and, for each A € @(E), if A< B, then BC A}
Now define:

the <-least element of OrdMin(E) if OrdMin(E) # &

E otherwise.

Aoramin () = {
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First, we show that Aogmin is a learner. Let w € @ € Q. Since @ is locally closed, it is
a closed subset of some F € O(w). Furthermore, there is F' € O(w) such that if A < @
and Q C A, then A ¢ Q(F). Then ENF € Lock(Aoramin, w), since for any G € O(w), Q
remains closed in £ N F N G and—since P is psuedo-stratified—if A < @, then Q C A.
It remains to show that Aogmin is rationally Q-monotone. Note that for all F €
O, M(E) = Q(A\(E)). Now, suppose for consistent E,F' € O, A\(ENF) ¢ A(E). By
deductive cogency, it cannot be the case that A(F) = F, so there exists ) € Q such that
A(E) = Q. Suppose for contradiction that @) € @(E N F). Then it is still the case that
Q@ € OrdMin(E N F). So there exists A € OrdMin(E N F') such that A < ). But since
Q C A, by assumption, and @, A are disjoint, A cannot be closed in ENF. Contradiction.
So Q(AM(E))NQ(ENF) =@ as required. O

Since every rationally O-monotone learner is also reversal Q-monotone, we have the
following Proposition as a consequence of the previous two.

Proposition 26. If P = (W, 0, Q) is a solvable problem then there is P’ = (W, 0, Q')
such that Q' refines Q and P’ is solved in the limit by a Q' -cycle free method.

By the previous Proposition and Proposition 22 we also have the following.

Proposition 27. If B = (W, 0, Q) is a solvable problem, then there is B’ = (W, 0, Q')
such that Q' refines Q and W’ is solved in the limit by a Q' -vertical Ockham method.

5.3 Minimizing Reversals

Proposition 20 shows that reversals cannot be avoided in genuinely inductive problems.
But that does not mean that they cannot be minimized. We propose that a good method
performs only those reversals that are mandated by the requirement of limiting conver-
gence. In other words, performing a reversal is epistemically excusable if and only if every
method that solves the problem can be forced to do the same. We make that notion
precise in the following definition.

Definition 39 (Forcible Sequences). A A-reversal sequence ¢ is forcible iff for every N
that solves B, there is a N -reversal sequence o, such that o < 4.

We say that a method is optimal if all of its reversals are forcible.

Definition 40 (Optimality). Method X\ is reversal optimal for B iff A solves P and
every \-reversal sequence is forcible.

Forcible sequences are illustrated by the following example. Suppose that you are trying
to learn the polynomial degree of a function from inexact data with bounded error. Nature
can present linear-looking data until you conjecture the “linear” hypothesis. Then, nature



5.3. MINIMIZING REVERSALS 43

can present quadratic-looking data until you conjecture “quadratic.” It is easy to see
how to continue. In that problem, the sequence “linear”, “quadratic”, “cubic”, ..., is
forcible by Nature. The forcible sequences in any given problem can be given a topological
characterization that extrapolates what is essential in the example.

Proposition 28. A A-reversal sequence § = ((A(E;)), is forcible iff

QA(EL) N... A Q(A(En-2)) N QA(Ea-1)) N ONES)) # 2.

Proof.
<: Suppose X' is a learner. Let

wi € QA(EN) N ... N QA(En—2)) N QAN En_1)) N QN En))

Wiy € ﬂ Lock(N, w;) 0 QA(Eps1)) N .. 0 Q(A(En_2)) N QN(En_1)) N QA (En))

Then o = (N((;_, Lock(X',w;)))i, is a reversal sequence and o < 4.

=: Suppose Q(A(E1))N...NQA(E,—2)) N QA (En-1)) N Q(A(E,)) = 2. Let

C:=...N QN E,_2))NQAE,._1)) N ANE,)).

The restricted problems 33| o B
solve B

e are solvable by Lemma 3. Let A’ solve q3|c and )\’
ce- Now define a new method for the original problem:

N(E) = NENC) #HtENC#o
M(E) if ENC =@
Since C' is refutable, it is possible to focus on the ‘B‘ o subproblem until it is refuted. So

A* solves B. Now, since by assumption Q(\(E;)) N C = &, if QN (E)) C Q(A(Ey)), C
has been refuted. So there can be no A*-reversal sequence o such that o <. n

Note that the same proof strategy as in the right-to-left proof of Proposition 28 also
demonstrates the following Proposition.

Proposition 29. § is a forcible A-reversal sequence iff there is a forcible singleton \-
reversal sequence o such that o < 9.

Locally closed problems have a special feature: no singleton cycle sequences are
forcible. We prove that result by means of the following two propositions.
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Lemma 4. If Q1,Qs € Q are distinct and locally closed, then Q1 N QN Q1 = @.

C

_ v v € v
Proof. Note that Q2 N @ C 1 and @)y C (Ql) . So by Proposition 13, <Q1> is an
open set containing Q1, but disjoint from Qs N Q. Therefore Q1 N Q> N Q1 = @. m
As a direct corollary of the previous Lemma, we have the following proposition.

Corollary 3. If*P is a locally closed problem, then no singleton cycle sequence is forcible.

5.3.1 A Necessary Ockham Principle

In this section we show that a version of Ockham’s razor is necessary for reversal opti-
mality. We state our second Ockham principle as follows.

Definition 41 (Horizontal Ockham). Method A\ is Q-horizontal Ockham iff for all
E €O and Q € Q(E), there is Q' € Q(N(E)) such that Q' N Q # 2.

Recall that in Example 5, we had that H; < H, and that H3 was unordered with
the other two. At the outset, our scientists conjectured the disjunction H; V Hz. Their
conjecture entails =H,. In our story, the scientists accepted the negation of Hs because
they conceded the simpler possibility H;. Similarly, if a horizontal Ockham conjecture
entails the negation of a particular answer, it is because it concedes a simpler possibility.
A horizontal Ockham method always has a simplicity-based reason for disbelieving an
answer.

Unlike the vertical razor, the horizontal razor favors logically weak conjectures. If
there are many answers compatible with the data, it must allow a possibility as simple as
each of them. While the vertical razor is satisfied as long as the method conjectures any
currently refutable answer, the horizontal razor is satisfied only if the method disjoins all
of them.

The horizontal razor is a necessary condition for reversal optimality. If reversal op-
timality is an epistemic norm, the horizontal razor is necessary for inductive, epistemic
justification.

Proposition 30. If method \ is reversal optimal for B = (W,0,Q), then X is Q-
horizontal Ockham.

Proof. Suppose X is not Q-horizontal Ockham. Then for some F € O there is () € @(E)
such that for all Q' € Q(M(E)), Q' NQ = @. Therefore QA(E))NQ = @. Let w € ENQ
and F' € Lock(A, w). Then Q(A(ENF)) = Q is disjoint from Q(A(F)). So (A(E), \(ENF))
is a A-reversal sequence, but Q(A(E)) N Q(A(EN F)) = &. So by Proposition 28, that
sequence is not forcible, and A is not reversal optimal. O
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The previous result shows that reversal optimality comes at the cost of logical con-
tent. To avoid unnecessary reversals, inquiry must proceed cautiously. This caution is
justified so long as reversal-optimality is the operative norm. To see that the converse of
Proposition 30 does not hold, consider the following example.

Example 9. Let W = {a,b,c,d}. Let Q1 = {a}, Q2 = {b,c}, Q3 = {d} and Q =
{Q1,Q2,Q3}. Let O be the closure of {{a,b,d},{b},{c,d},{d}} under unions. Now let
AW) ={a}, A{c,d}) ={c}, and X({d}) = {d}. Then A\(W) = @y is horizontal Ockham
since Q1 NQy = Q1 # D and Q1 N Q3 = Q1 # 3. But AW), \{c,d}, \({d})) is not
forcible since Q(A({c,d}) N Q(A({d}) = Q2N Q3 = {c} is disjoint from QA(W)) = Q; =
{a}.

The Ockham Principle Stated Diachronically
We can also give a diachronic formulation of the horizontal Ockham principle.

Proposition 31. If method A\ solves B, then X is Q-horizontal Ockham iff for all
consistent E,F € O, Q(AN(E)) N QANENF)) # 2.

Proof. =: Suppose that A is Q-horizontal Ockham. Let Q) € @()\(E N F)). By deductive
cogency, Q@ € Q(ENF) C Q(E). Then, since X is horizontal Ockham, there is Q' €
O(A(E)) such that Q' N Q # @. So QA(E)) N QNENF)) # @ as required. <:
Suppose that A is not Q-horizontal Ockham. Then there is F € O and (Q € @(E) such
that Q(A\(E)) N Q = @. Letting w € @ and F' € Lock(\,w) we have that Q(A(EF)) N
QNENF))=0o. O

In other words, whatever a horizontal Ockham principle conjectures now, it previously
entertained possibility at least as simple.

5.3.2 Is Reversal Optimality Restrictive?

Not all problems can be solved by a reversal optimal learner. For a dramatic example, we
reuse Example 4.

Example 4. Let Q := {{n} : n € N}, O be the co-finite topology on N, and Pcofinnat =
(N,0, Q).

If A is Q-horizontal Ockham, then Q(A(E)) = Q(F) for all E € O. A Q-horizontal
Ockham learner can never perform the inductive leap necessary to converge in that prob-
lem. Intuitively, horizontal Ockham learners rely on the eventual emergence of a uniquely
simplest answer. In this section we characterize the set of problems that can be solved
by a reversal optimal method. It will turn out that a problem is solvable by a reversal
optimal method if and only if it is stmplicity driven, as defined in Section 4.4. First we
need to get a handle on exactly which singleton sequences (henceforth paths) are forcible.
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Definition 42 (Forcible Paths). We define the forcible paths in P by a recursion on
the length of paths.

I ={Q: Qe <}

i=1

So the set of all forcible paths 11 = \J;2 | II;. For E € O, define the restriction 11  to be
the set of all forcible paths in ‘,B‘E

Mazximal paths are downward-closed in the simplicity order.

Definition 43 (Maximal Paths). A forcible path P € H|E is mazximal iff P is closed
(falsifiable) in E. Define Max(E) to be the set of all mazximal paths in H‘E.

The maximal paths are exactly those that cannot be extended by a longer path. The
following makes that notion precise.

Definition 44 (Path Extensions). One forcible path P, extends another path P; iff
PQZQlﬂQQHHE

For example, the path Q1 N Q, N Q3 extends the path Q, N Q3 which in turn extends Q.

Proposition 32. Path P has no non-trivial extension iff P is mazximal.

Proof. Suppose P = Q2N Q35N ...NQ, is maximal. Then for any Q; € Q, the extension

of P,Q1NQyNQ3N...NQn=Q:1NQ2NQ3N ...NQ,, which—since Q is a partition—is

nonempty iff Q; = Q.. Suppose P is not maximal. Let w € QN Q3N ...NQ, \ Q2N

Q3N ...NQ,. Then, since w € Q3N ...NQn, w & Qo. Letting Q; := Q(w), we have

that Q1 N Q2N Q3N ...NQ, is a non-trivial extension of P. n

Definition 45 (Path Roots). The root of a path P is defined as Q(P). Let RootMax(E) =
{Q(P): P e Max(E)}.

Definition 46 (Tree-like Problems). Problem B is tree-like iff (1) every forcible path
in B has a mazimal extension and (2) every maximal path is rooted in the same answer
i.e. [YRootMax(E) # &.

We now have the resources to characterize the class of problems solved by reversal
optimal methods.
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Definition 47. Problem R is eventually tree-like iff for every w € W there is E €
O(w) such that for all F € O(w), ‘,B‘EHF is tree-like and rooted in Q|EQF(M).

Eventually tree-like problems are locally closed.
Proposition 33. If B = (W, 0, Q) is eventually tree-like, it is locally closed.

Proof. 1f B is eventually tree-like, then for every w € W there is E € O(w) such that ’B‘ 5
is tree-like and rooted in Q|E(w). If ‘B‘E is rooted in Q|E(w), then Q‘E(w) N Q‘E(w) =
Q| p(w) is closed. So Q(w) is locally closed by Proposition 3. O

Proposition 34. Problem B is solved by some reversal optimal method iff B is eventually
tree-like.

Proof. First we show that every eventually tree-like problem has a reversal-optimal solu-
tion. Let

(Y RootMax(E) if ‘B‘E is tree-like,

E otherwise.

/\root(E) - {

To see that Aot is a learner, Let w € W. Since P is eventually tree-like, there
is £ € O(w) such that for all F € O(w), ‘,]3|EOF is tree-like and rooted in Q(w). So
E € Lock(Aroor, w) as required.

We now show that Mo is reversal-optimal. By Lemma 29 and the transitivity of
<, it suffices to show that every singleton \..-reversal sequence is forcible. We pro-
ceed by induction on the length of singleton reversal sequences. For the base case, let § =
(Moot (E'1), Aroot (Fi2)) be a singleton reversal sequence. So Q(Aoot(E1)) = Q([)RootMax(E})) :=
Q1 and Q(Aoot(E2)) = Q([RootMax(Es)) := Q. Since ‘B‘El is tree-like, Qo N E; has a

maximal extension rooted in Q1N E;1. So there is some path P=Q:NEN...N Q2N E;.
Therefore Q1 N Qg # &, so ¢ is forcible. Now suppose § = (Aoot(E;))7; is a singleton
reversal sequence. By the inductive hypothesis (Ajoot(F;))iy is forcible. Since Ey D Ej,

Q( Moot (F2)) N Q( Moot (E3)) N ...NO(N(E,) € H‘El. Since %‘El is tree-like, that forcible

path is extended by one rooted in Q(Aot(E1)). Therefore (Aoot(F;))i, is forcible, as
required.

Now we show that if *J3 is solved by a reversal optimal method, it is eventually tree-like.
We will need the following lemma about locally closed problems.

Lemma 5. If B is locally closed and X is a reversal optimal method for B, then Q(\(F))
is closed in F', for F' € Lock(\, w).
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Proof. Suppose F' € Lock(A, w), but Q(A(F)) is not closed in F'. Let v € F'NQAN(F)) \
Q(A(F)) and G € Lock(A,v). Finally, since v € Q(A(F)), thereis z € F NG N Q(\(F)).
Let H € Lock(A,z). Then (A(F),\(FNG),A\(FNGN H)) is a singleton cycle sequence
where Q(A(F)) = QAN(FNGNH)) and Q(A(F)), Q(AN(F NG)) are locally closed. There-

fore, by Lemma 4, that cycle is not forcible, and A\ is not reversal optimal. O]

To conclude, we show that if A is a reversal optimal method for B, then for every w €
W and E; € Lock(A, w), ‘B’El is tree-like. Let Q1 = Q(A(E})). By Lemma 5, @y is closed
in £y, If &B’ 5, is not tree-like, then either (1) there is some forcible path P € H| 5, that
has no maximal extension or (2) there is some maximal path not rooted in @);. Suppose

(1) is the case and P = Q2N Q3N ...NQ,. We have that Q, N Q, N Q5N ...NQ, = I,
since otherwise that would be a maximal extension for P. If (2) is the case and P is

maximal, then Q1N Q2N Q5N ... NQn =Q1NQ2NQ3N...NQ, = T, since Q; NQ, are
disjoint. In either case there is a A-reversal sequence ((A(E;))"; such that Q(\(E;)) = Q;

that is not forcible, since Q1NQ>N Q5N ... N Q, = @. To construct that sequence, follow
the steps in the proof of Proposition 28. O]

We conclude this section by proving that the eventually tree-like problems are exactly
the simplicity driven problems.

Proposition 35. Problem B = (W, O, Q) is eventually tree-like iff Y is simplicity driven.
Proof. =: If B is eventually tree-like, then for every w € W there is E € O(w) such
that for all F' € O(w), ‘B‘EQF is tree-like and rooted in Q|EQF(w). If ‘,}3‘EmF is rooted in

Q‘EOF(w), then Q‘EQF(w) N Q{EQF(w) = Q{EQF(w) is closed. Furthermore, no other
answer is closed, since ‘B‘EQF is rooted in Q’EQF(U}). So Q(w) = Q(Fals(E' N F))

as required. <=: Suppose ‘P is simplicity driven. Then for every w € W, there is
E € O(w) such that for all FF € O(w), Q(w) = Q(Fals(E N F)). Suppose there

isapath P =Q1NQNQ3N...NQ, in &B‘EQF with no maximal extension. Then

Qw)NQINQNQ3N...NQ, = @. Since Q; is locally closed, it is closed in the open

Vv V c
set Ql) . So both Q(w) and Q; are closed in EN F N | Q) . Contradiction, since

Q(w) can be the only closed answer, since B is simplicity driven. Suppose some path

P=0Q:N@Q:NQ3N...NQ, in ‘B‘EQF is not rooted in Q(w). Then @y # Q(w) is closed
in ENF. But Q(w) is the only closed answer in £ N F. Contradiction.

O



Chapter 6

Stratified Problems

6.1 Simplicity and Falsifiability, Revisited

In the preceding, we have relied on falsifiability as the operative notion of simplicity. The
learning methods we have constructed wait for an answer to become falsifiable before it
is entertained. Falsifiability is connected to the simplicity order by Proposition 12: a
proposition is falsifiable if and only if it is downward-closed in the simplicity order. But
one might hope for a tighter connection between falsifiability and the simplicity order. In
this section we define a natural class of problems for which the simplicity order lines up
with falsifiability in a natural way.

Definition 48. A locally closed question Q is stratified iff for all A, B € Q, ANB # @
implies that A C B and hence A < B. Problem 3 = (W, 0, Q) is stratified iff Q is.!

The answers in a stratified problems enjoy a certain epistemic homogeneity: if for some
Q€ 9, {w} =X Q, then Q(w) <X Q. In stratified problems, an answer is falsifiable if and
only if it is minimal in the simplicity order among all other answers.

Definition 49. Answer Q € Q is Q-minimal iff for all Q' € Q distinct from Q, Q' £ Q.

Proposition 36. If B = (W, 0, Q) is stratified, then Q € Q is closed (falsifiable) iff Q

18 Q-minimal.

Proof. =-: This direction is immediate, and is true for all problems. <: Suppose () is not
falsifiable. Then there is w € @ \ . But since Q is stratified, we have that Q(w) =< Q.
So Q is not Q-minimal. O

IThe concept of a stratification of a topological space is familiar in algebraic geometry (Stratifica-
tion.; Stacks Project, http://stacks.math.columbia.edu/tag/09XY), which studies the numerical stability
of solutions to polynomial equations. We arrived at it independently, with the application to simplicity
in mind.

49
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To see that the preceding does not hold in general, consider the following example.

Example 6. Let W = {a,b,c}, O = {{a},{b,c},{c}}, and Q = {{a,b},{c}}. P =
(W, 0, Q) is locally closed but not stratified. Note that {a,b} £ {c} although {c} is not
closed, since {c} # {c} ={b,c}.

6.2 Simplicity and Problem Restriction

In general, answers that were previously unordered in simplicity may become ordered
when the problem is restricted to new information. In stratified problems, the simplicity
order remains rigid under restriction.

Proposition 37. IfP = (W, 0, Q) is stratified, then for w,v € W and E € O, Q(w) <
Qv) iff Q| x(w) X Q| 4(v).

Proof. =: This direction is immediate, and is true for all problems. <: If Q(w) N E
Q(v) N E, then Q(w) <X Q(v) by stratification, as required.

RPN

As a result, we have the following Corollary.

Corollary 4. If B = (W, 0, Q) is stratified, then for E € O, the restricted problem ‘B’E
18 stratified.

6.3 Ockham’s Razors

In stratified problems, the vertical and horizontal razors can be satisfied in an especially
natural way. Any conjecture that disjoins a (finite) set of minimal answers is vertical
Ockham. Furthermore, a conjecture is co-initial in the simplicity order over the answers
iff it is horizontal Ockham.

Proposition 38. If B is stratified and for all E € O, @()\(E)) is finite and each () €
Q(N(E)) is Q-minimal, then X\ is Q-vertical Ockham.

Proof. Follows from Proposition 36 and the fact the finite unions of closed propositions
are closed. O

Definition 50. Proposition P is Q-co-initial in the simplicity order on P = (W, O, Q)
iff for all Q € Q there is Q' € Q(P) such that Q' < Q.

Proposition 39. If B = (W, O, Q) is stratified, then X is Q-horizontal Ockham iff \(E)
18 Q-co-initial in the simplicity order on ‘B‘E forall E € O.

Proof. Immediate from the definitions. m
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6.4 Simplicity and Reversals

The forcible paths in stratified problems are exactly the chains in the simplicity order
over answers. To see that this is not true in general, consider Example 6. There we have

that {a,b} N {c} # @ but {a,b} £ {c}.

Proposition 40. If B = (W, O, Q) is stratified, then P = Q1 N QN Q3N ...NQ, # O

W12 Q2= ... 2@y
Proof. =: By induction on the length of paths. For the base case, if @, N Qs # O,

then Q1 =< Q. as required. By the inductive hypothesis if Q2 N QsN...NQ, # 2,

then Qy = Q3 = ... 2 Qn. QI NQNQ3N...NQ, # @, then Q; N Q, # T s0
Q1 2 Qs = ... 2@, as required. <: Immediate.

]

Each answer in a stratified problem can be represented canonically in terms of the
simplicity order.
Definition 51. For B = (W,0,Q) and Q € Q, define Q< = | {Q' : Q@' = Q} and
Q< =U{Q € Q: Q' <Q}. Define Qs and Q. similarly.
Proposition 41. If B = (W, O, Q) is stratified, then each Q) € Q can be written canoni-
cally as Q@ = Q< \ Q<.

Proof. Suppose P = (W, 0, Q) is stratified and @ € Q. Then Q = Hw : {w} C
Q} = UHQ(w) : {w} € Q} = Qx, by stratification. Furthermore, by Proposition
\

14, Q = Q<. Since every proposition is the difference of its closure and its frontier,
_ \
Q:Q\Q:Qj\Q<- O

We can now characterize the simplicity driven stratified problems in a natural way.

Proposition 42. If B = (W, O, Q) is stratified, then B is simplicity driven iff for each
Q€ Q, Q=0Qxr\Q- withQ-, Q. open.

Proof. =: If B = (W, O, Q) is stratified and simplicity driven, then for each @) € Q and
w € Q there is O, € O(w) such that @ is uniquely falsifiable in O,,. By Proposition 36,
(@ is also uniquely minimal in O,,. Then we have that @) = UwEQ> O, is open. Likewise,
Q- = Uyeq, Ow is open as well and @ = @Qx \ Q. as required. <: Let B = (W,0,0Q)
be stratified, w € @ and Q< open. Then there is O € O(w) such that O C Q». By
Proposition 36 and Corollary 4, () is uniquely falsifiable in O and in all O N O’ for
0" € O(w). O

So the stratified problems solved by reversal optimal methods are exactly those that
have open up-sets in the simplicity order over answers.
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6.5 Stratification and Aptness of Representation

The preceding results demonstrate that the simplicity order is a particularly apt epistemic
description of a stratified problem. These problems have such natural properties that one
hopes that every solvable problem is refined by one. We have not been able to prove or
disprove the following conjecture.

Conjecture 1. IfPB = (W, O, Q) is solvable in the limit, then there is a stratified question
Q' refining Q.

However, we can show that many natural problems are stratified.

Example 7. If [W| < w and P = (W, 0, Q) is solvable in the limit, then the discrete
partition Q) is a stratified question refining Q. By Corollary 2, (W, O*) is a Tp space, so
every singleton is locally closed. Since the discrete partition is countable, it is a stratified
question.

Example 8. Let W and Oyec be defined as in Example 3. Then question Qgeg = {Dp,
n € N} asks what the degree of the true law is and Qform = {Fs : S is a finite subset of N}
asks what its form is.

Proposition 43. The questions Qqeg, Qform are stratified

Proof. By Lemmas 1 and 2, since F.g, F<g are closed in J|2, they are closed in Js and
therefore closed in the restriction Jpe. Therefore Fg = Fzg\ Fysis locally closed in Jpoly -
Since D,, = Fegomm1y NV Fequ,ny it 18 locally closed by Lemmas 1 and 2. Stratification
of both questions follows from Proposition 9. m

Example 9. Consider a situation in which one receives discrete inputs through time. Let
I denote the countable set of all possible such inputs, and let W be some collection of
infinite sequences of inputs. Let w [t denote (wo, ..., wi_1). The information imparted by
observation of finite sequence e of inputs is just [e] = the set of all w € W that extend
e. Let Oseq = {[w[n] :w e W andn € N}. Then Oseq is a topological basis. One can
formulate many inductive problems by varying W and the question asked. For example,
suppose that I = N U {x}, where asterisk is a non-numeric input. Let Wy, contain all
infinite sequences of inputs that have finite range. For finite set S of natural numbers, let
w € Cg iff the set of numbers occurring in w is exactly S, and let the range question Qg
denote the set of all Cs such that S is a finite subset of N. Let w € C, iff w € Cs and
|S| = n and let the counting question Qe denote the set of all C,, such that n € N. Then
we have the intuitive simplicity relations:

Proposition 44.

C,=Cy iff n<n/;
Cs=Cg¢ iff SCJS.
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The proof is intuitive—no matter which inputs one has seen so far, one could always see
a new input later. Furthermore:

Proposition 45. The questions Qe and Qumg are stratified.

Proof. To see that each answer is locally closed, note that Cs = Ag\ Bg, where Ag is the
disjunction of all [e] such that the numbers occurring in e are exactly those in .S and Bg is
the disjunction of all [e] such that some number missing from S occurs in e. Stratification
follows from Proposition 44. O

Stratified problems are so aptly represented by their simplicity relations that Kelly
et al. (2014b,a) propose that we consider an admissible simplicity concept for a problem
to be a stratified problem that refines it.2 That approach was not taken in this work for
a number of reasons. Not least among them is the fact that in general, the existence of
stratifications is an unsettled question. Secondly, it is known that there is not always
a unique simplicity concept that refines a problem (Kelly et al., 2014a). This invites
uncomfortable questions about arbitrary impositions of simplicity relations. The approach
taken in this work steps around that problem. The simplicity relation is an entirely
topological feature of the problem—there is no question of arbitrary impositions. Finally,
although there are distinct representational advantages to stratified problems, we have
been unable to demonstrate any methodological advantages to recommend them. Every
success concept defined in this work is equally well achieved in locally closed problems
as in stratified problems. Furthermore, every solvable problem is known to be refined by
a locally closed problem. For those reasons, simplicity is not defined as an order over
answers in a stratified question, but as an order over the algebra of all propositions.

2The condition is actually a bit more subtle than refinement, but refinement captures most of what is
intended.
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Chapter 7

Ockham’s Razor: Pragmatic or
Epistemic?

We have shown that our two versions of Ockham’s razor are necessary for achieving
optimally monotonic convergence to the truth. If you want to avoid going circles on the
way to the truth, you must respect the vertical razor. If you want to make as few course
reversals as possible on the way to the truth, you must respect the horizontal razor. These
results are natural developments and generalizations of Kelly’s (2004; 2007; 2011).! Like
Kelly’s previous arguments, the arguments in this work may leave some unsatisfied. For
example, Fitzpatrick (2013) objects that such arguments do not show enough.

A natural reaction to Kelly’s proposal is that retraction efficiency appears to be
a purely pragmatic consideration and not a genuinely epistemic one. How can
concerns about possibly having to change one’s mind a greater number of times
provide good reason to believe, or even tentatively accept, the claims of the
theory currently selected as the simplest one consistent with the data? Kelly is
explicit that his efficiency argument solely concerns the worst-case convergence
properties of methods, not features of simpler theories themselves. It certainly
doesnt show that simpler theories are more likely to be true. How, then, can
simplicity be a genuine criterion for theory choice on Kelly‘s account?

The objection assumes that the only way to provide an epistemic justification for an
inductive methodology is to demonstrate that it probably selects true theories. Call that
thesis indicativism. We respond that the indicativist badly misconstrues both scientific
inquiry and epistemology. In many empirical domains, there simply cannot be truth-
indicative methods—the inductive problems are too difficult. In the causal inference

!Perhaps the largest difference from that previous work is the identification of the simplicity order
with Popper’s falsifiability order. This leads to the reduction of the vertical razor to Popper’s dictum to
make only falsifiable conjectures. I claim that the connections to belief revision also represent something
of an advance.
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literature, it is well known that unless strong assumptions are imposed on the generating
model, no truth-indicative methods exist for inferring the effects of manipulations from ob-
servational data (Zhang and Spirtes, 2002). Without additional assumptions, the best you
can do is to converge to the truth in the limit without unnecessary vacillations.Therefore,
insistence upon that strict standard results either in metaphysical speculations sufficient
to make simplicity truth-conducive, or in skeptical denial that inductive justification is
possible at all. But those standard, unappealing outcomes are not necessary. Feasibility
contextualism demands that we scale our normative demands to be the strongest feasible
demands in light of the intrinsic difficulty of the problem, and provides a non-circular
account of epistemic justification of inductively inferred belief.

Equally fatal is that indicativism provides no justification, in terms of truth-conduciveness,
of diachronic principles of theory change. The monotonicity postulates of defeasible in-
ference cannot be epistemic, since they do not guarantee that the inferences are probably
true. The rationality postulates of belief revision theory cannot be epistemic either, since
they do not guarantee that belief states are probably true. This puts the indicativist out
of step with much of formal and mainstream epistemology, where truth-conducive belief
dynamics are considered crucial to the analysis of knowledge. The locus classicus for that
position is Plato’s Meno:

True opinions too are a fine thing and altogether good in their effects so long
as they stay with one, but they won’t willingly stay long and instead run away
from a person’s soul, so they’re not worth much until one ties them down by
reasoning out the explanation. And when they’ve been tied down, then for
one thing they become items of knowledge, and for another, permanent. And
that’s what makes knowledge more valuable than right opinion, and the way
knowledge differs from right opinion is by being tied down (Plato and Sharples,
1985, 97e-98a).

Plato’s point is that it is stable true belief, rather than true belief simpliciter that
constitutes knowledge.? Stability is a dynamical concept, and there is no sense in which
stable beliefs are probably true. But from the perspective we have developed in this work,
stability is the strongest kind of truth-conduciveness that is feasible in inductive settings.
And to be justified is exactly to have achieved the best kind of truth-conduciveness pos-
sible. Thus—for the feasibility-contextualist—stable belief is exactly justified belief, and
our esteem for stability is no more mysterious than our esteem for justification. That
unified perspective can never be available to the indicativist.

2In contemporary epistemology, that position is best defended by Lehrer (1990) and Rott (2001, 2005).
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